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Drawings do not need to be beautiful /perfect but it is important that they are easy to understand
and there are no ambiguities (e.g. a gate which could be an OR or an AND, but it is not clear which
one it is, label it to avoid confusion).
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ID on every page.

For your convenience, you can find a page with basic equations related to the course material at the
end of this document.
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Problem 1 (12 points)

Figure 1: Resistor network.

Consider the circuit in Figure 1 and the related parameters: Ry = 4 kQ, Ry = 4 kQ, R3 = 2 k),
Ry, =2kQ,V, =12V, I, =1mA.

(a) (4 points) Using the parameters provided above, calculate the equivalent resistance Req seen by
Ry, (consider Ry, an open circuit and calculate the resistance between the two open nodes).

(b) (5 points) Using the parameters provided above, calculate the Thévenin equivalent voltage Viy
seen by Ry.

(¢) (1 points) Draw the Thévenin equivalent circuit including Ry, as load.

(d) (2 points) Given that R; = 6k, calculate the current flowing through and the voltage across
the load resistance Ry. If you do not have values for V;;, and R, calculated from the previous
questions use the following incorrect values: Vi, =1 V and Req = 1 k2.



Problem 1 - Solution

Point a)

We redraw the circuit as seen in Fig. 2. If we now replace the generators with their internal resistors,
(that means the voltage source acts as a short circuit and the current source acts as an open circuit)
we see that the equivalent resistance seen by Ry, is:

Ri1Ry 4.4
g = = — =2k + —— kQ
Rq R3+R2//R1 R3+R1+R2 +4+4

So Req = 4kQ).

Alternatively, one could notice that Ry = Ro = 2R and R3 = R4y =R =2 :
Reg = R3+ Ry//Ri = R+2R//2R=R+ R=4kQ

Figure 2: Thevenin Equivalent R1: Step 1.

Point b)
Solution I

The equivalent generator can be calculated using the superposition principle. Replacing the current
source with an open circuit as in figure 3.Vpcy, the current through R3 and R, must be zero, as Ry
leads to a dead end. This means that the contribution of the voltage source can be derived thanks to
the potential divider equation:

Ry 4
\% =—— Vg=—— 12V =6V
ocv Ri + R, S 1+4
Alternatively, using notation introduced in the solution of a)
Ry 2R 1
% =— Vog=— Vg=--12V=6V
ocv it Ry STIR VST

To find the contribution from the current source, we replace the voltage source with a short-circuit
see figure 3.Vpocr. The open circuit voltage is given by

Vocr = —I(R3 4+ Ri//Rs) = —1mA - (24 4//4)kQ = —4V.



By the superposition principle, the equivalent voltage seen by the resistor is the sum of the voltages
calculated above, so

Voc = Vocr + Vocv = —4V + 6V =2V

Figure 3: Superposition principle.

Solution II

Alternatively nodal analysis can be used to derive Vpe. Let us first apply KCL at the node where Ry,
Rs and Rj3 are connected, from now on referred as V:

Vac - VS V;r VJ: - VOC

Jzo Tx T P00
ok TR R
1 1 Vs
els+s+1) =+
V(2+2+) 2+Voc
Vs Voc
v, = 5 4 20¢
4 2



Now we apply KCL to Vp¢:
Voo — Ve Y Te—0
R 5
Voc — Vo + RIs =0
Ve =Voc + RIg

We can put the two expressions for V, together:

Ve V.
Voo + RIs = =7 + =<
Voc Vs
200 _ 1S _pr
2 4 s

1%
Voc:§—2R15=6V—2-2V=2V

Solution III

Alternatively we can derive the short circuit current Ig¢ and use it to calculate the open circuit voltage
Voc = IscReq. We use again the superposition principle. When there is only the voltage source, we
need to compute the current flowing through R3. The voltage V, across R3 can be written using the
potential divider equation:

2
R
Ve = Ba/ /s Vs =t Ve = Vs
Ry + Ry//Rs 2R+ 2R 1
12
Iscv = Vo _ Ve v =15mA

Ry 4R 4-2kQ

When there is only the current source Iscr = —1 mA.
Adding these two results together,

ISC = ISC[ + ISCV = 1.5 — 1mA = 0.5mA

Last, we find the equivalent voltage

Vsc =IscReq=05-4kEQ=2V

Point c)

We can use the answers from points a) and b) to redraw the circuit as shown in Figure 4. The sources
and resistors (except for Ry) have been replaced by a single voltage source in series with a single
resistor such that the voltage between the nodes around Ry, is equivalent to the original situation.

4kQ

O~ n

Figure 4: Thevenin equivalent circuit



Point d)

The total resistance is made up of the equivalent resistance R., = 4kQ) and the load resistance R; =
6k(2 connected in series, yielding
Rior = 4k + 6k = 10k€.

This sets the current through the circuit at
I =1, =2V/10kQ) = 0.2mA,
making the voltage over Ry, be
Vi = Rl = 6kQ-0.2mA = 1.2V.

Remarks

This question is comparable to the Top Problem from Week 2. The number and type of sources and
resistors is identical (1 voltage source and 1 current source, 4 resistors).



Problem 2 (17 points)
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Figure 5: RLC circuit.

Consider the circuit in Figure 5. Assume sinusoidal regime, ideal components and the following
parameters: C =0.7 F, L=05H, R=1Q, R, =5 Q, wp = 2 rad s 1.

(a) (3 points) Without any calculation, but only reasoning about the behavior of each element in
the circuit, describe the behavior of

H(OJ) — Lout

Vin
for low (w — 0) and high (w — 00) frequencies.

(b) (8 points) Using the parameters provided above, calculate the transfer function H(wyp).

You may assume as true that H(w = 1 rad s7!) = 0.11 + 0.75j AV~! and H(w = 3 rad s7!) =
0.07 — 0.08] AV L.

(c) (3 points) Assuming vi,(t) = —+/2sin(3t) V, determine iy (t), giving your answer in the form
|I] cos(wt + ).

(d) (3 points) Assume instead that viy(t) = 2 cos(3t) + cos(t) V. Using the superposition principle,
find z.



Problem 2 - Solution

Point a)

For low frequencies (w — 0 rad/s) the capacitor impedance Zo — oo, while the inductor impedance
Z1, — 0. Thus the capacitor may be replaced by an open circuit, and the inductor by a short circuit.
Thus all current flows through the inductor and 4,,; = 0 and so H (jw) — 0.

For high frequencies (w — oo rad/s) the capacitor impedance Z¢ — 0, while the inductor impedance
Z1, — oo. Thus the capacitor may be replaced by a short circuit, and the inductor by an open circuit.
Thus all current flows through the capacitor and i,,; = 0 and so H (jw) — 0.

Point b)
Solution I

We first calculate the impedance of the 3 parallel components.

_ _ _17-1 . 1 1,1
Z” = [ch +ZL1 +ZR2] = [ij'—i- m + E]

— (145 —1j402]'Q = [0.2+04j] 0

2= (1-2)) @

Our effective circuit is then the resistor R in series with Z). We apply the voltage divider equation to
find the voltage across Z),

Al 1-2j _1-25

T 4R T T o2j 1T g gt

Vout = V||

Vous = (0.75 — 0.257 ) vin

We can then derive H (wp):

iout 1 Vout 1 . 1 .
H = = — =—(0.75-0.2 =—(0.75—-0.2
(wo) e T (0.75 — 0.257) = (0.75 — 0.257)

1
=0.15-0.05] Q' = 2£00 exp(j arctan(—1/3)) Q!

Solution II

Alternatively, we can derive the transfer function using the symbolic representation and substitute the
values only at the end.

1 1 n 1 n 1 O+ 1 4 1
= 4 =W - _
Z“ ZC ZL RL J jWL RL

As above, we can write the output voltage using the potential divider equation:



2|

ot =Rtz
Hw) = fout _ Vour 1 Al 1 1 _ 1
vin  Br v Ru(B+Z) "um g, (Z% + 1) Ry (ijC T 1)
B 1  (Rp+R)—jRRy (wC + %)
_(RL—I—R)%-jRRL(wC’—FL%L) (RL+R + R2R2 (wC )

We can sustitute wg to find the same result as in “Solution I”:

6-7-5(2-07—555) 6—j-5(14-1) 6-2-5 6—2-j
62452 (2-0.7— 574z)®  62452(14—1)> 67 +2° 40

H(wp) = =0.15-0.05-7 Q"

Point c)

This requires applying the given transfer function correctly, and afterwards working out the result in
complex numbers algebra.

iout = H(3)vm = (0.07 — 0.085) ( — V23714 7) & (”11 Jarctan 2) (/eI 3t 3 )

100
e V226 g1 8% o ctan 8] Re V22
A TOGQJBH 87 _arctan §] Re TOG cos (3t + 3% — arctan %) A ~ 0.150 cos(3t + 3.86 rad) A

(degree = 221°)
Either the exact answer or the approximate answer (to reasonable number of significant figures) are
awarded full marks. Units are not optional.

Point d)

Since the voltage input is a sum of two inputs with different frequencies, then by the superposition
principle we can consider the contribution to 4., for each term separately. If part b) was done correctly,
then we use the two transfer functions.

\ 113 —j 'n'ctwn—

H(3) =0.07 —0.08] = ot
(3) 7= o0

13v/34 . s
H(1) =0.11+0.75j = %eﬂ arctan 1 ()1

and then apply these magnitudes and phase differences to the input voltage terms separately.

vant 1
tout = 50 0 (3t — arctan 7> + 31\00ﬁ cos <t + arctan ﬁ) A

~ 0.213 cos(3t — 0.852) 4+ 0.758 cos(t + 1.43) A

Note that if any of the arctan’s are evaluated in degrees, then unless the t-prefactor frequencies have
been converted to degrees/sec, then the answer is wrong.

Remarks

This question is in complexity and type of tasks comparable to top problem from week 3. Finding
limits by inspection and only reasoning as in subquestion a) was extensively practiced during the
lectures.



Problem 3 (22 points)
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Figure 6: Circuit with OPAMP.

Consider the circuit in Figure 6. The input voltage v, and input current i, operate in a sinu-
soidal regime with the same frequency wy. All components are ideal components. Use parameters

Ry =700, R, =100 Q, R3 =1k, C; = Cy =10 pF, wo = 1000 rad s~ '.
By the superposition principle, v,,; can be written as
Vout = H1(w) - v + Ha(w) - 1p
(a) (8 points) Using the parameters provided above, calculate the partial transfer function Hy(wp).

(b) (8 points) Similarly, calculate the partial transfer function Hs(wp).

From now on take |ip] =0 A.

(¢) (4 points) What is the gain |[%eut| as w — 0?7 What about w — oo?

(d) (2 points) Assuming v, (t) = cos(wpt) V, determine vyt (t).

10



Problem 3 - Solution

Part a)
1. Principle of superposition — consider only v, as a source, consider 4; to be an open circuit.
2. Op amp ideal — no current into/out of input terminals, — voltage at + terminal vy = 0.

3. Since op amp ideal and in negative feedback, v_ = vy = 0.

Now what would be quite useful is to find the impedance of the R; and C} in series, and Ry and C,
in parallel. We denote them

1 J :
Zy = Ry + —= = T00 — ——I—— — (700 — 1005) 02
L= S 1000 - 10uF ( 7)
and
Zy=Ry| Z —[i+wc}7l—[i+r1ooo-1o FI 7 = [ L7 = (50— 505) @
2 = Iig Cy = R, Jwl2 =~ 1300 J H =~ 1300 100] = ]

Alternatively, without directly substituting values:

1 1 —l—jUJClRl CiRw —J
Z :R = =
! 1+ ij’1 ij’l Clw
and
1 -1 R2
Zo=Ro || Zo, = [— +jwCy| =-— "2
2= e Ze, [RQH‘*’ 2} 1+ jwR>Co

Now we apply the superposition principle to the top half of our circuit and express v_ using the
potential divider equation.

Zo n Z1 0
- = Vq Vout =
7y + Zo Iy + Zy
71 Za
—— Uyt = ——=————
Z1+Zg out Z1+Zg a
Vout = —év
out Zl a
Za 50 — 507 .
= H =——F—=—-—————-_=-0.084+0.06
o) = =77 = ~750 =700, ~ =208 +£0.06)
or substituting numerical values later:
R
H (w ) _ _é _ 1+jw12%202 _ _ R Ciw _ C1 Row
10 A % 1+ j(JJRQCQ CiRiw—j Ci1Riw + CyRow +j(R1RQClcQUJ2 — ].)
1w
1 1 1

- _ = ——(8—65) = —0.08 + 0.06]
TETE =1 8536 100 64 = Z0.08+0.065

Note that the solution may be found without using the voltage divider equation, by just equating
the current through the Z; and Zs components:

Vg — 0 Vout — 0
Al + Zy
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Part b)
1. Principle of superposition — consider only i, as a source, v, = 0.

2. Op amp ideal — no current into/out of input terminals, — all current i, goes through Rs —
voltage at + terminal vy = i, R3.

3. Since op amp ideal and in negative feedback, v_ = v, = i}, R3.

Solution I

Consider the new voltage divider circuit ”Ground — [Z1] — iy R3 — [Z2] — Vout”:

z I+ Z
iy Rs = vout 2 — Hy(wo) = Ry 2222 — 1000 - (1.08 — 0.065) VA~ = (1080 — 605) VA~!
Z1 + Zy Zy
Solution II
Zl + 22 Zz CIRQW
H =R L2 Ri(1+22)=Rs(1—H =Ry (1
2(wo) A a(l+ Zl) 3 1(wo)) ’ ( * C1Riw + CaRow + j( Ry RoC1 Caw? — 1))

= 1k(1 +0.08 — 0.065) VA~ = (1080 — 605) VA™!

Solution III
By using KCL at v_:

0—wv_ Vout — V- Vout 1 1 Zl + Z2
0= = =v_ | —+ — | = vour = _
Z T % Z <Z1+ZQ> Vout = =7,
Part c)
For w — 0, Z¢, — 00, s0 Z1 — oo while Zs — Ry. Therefore from part a), we see that
Z. R
H1 X _z2 — _2 =0
Zl o0

and so Uyt /v — 0.

For w — o0, Z¢, — 0, so Z1 — Ry while Zo — 0. Therefore from part a) we see that

o 0
Hx—-————=0
YT TR,

and 80 Vot /v — 0.
Part d)
We know that Hi(wo) = —0.08 + 0.065 = Tl()ej[%+ar0tar‘%], taking care of the fact that we are in the

positive Im, negative Re quadrant.
Then the answer is given by:

1 4 1
Vout () = o cos (wot + g + arctan 3) V = 0 cos(wot + 2.50rad) V

Remarks

Question a) is comparable to the integrator circuit which was part of the top problems in week 4. Part
b) is similar but simpler because v;,, does not contribute. Similarly as for problem 2, solving limits by
inspection was practiced in the lectures.

12



Problem 4 (19 Points)

Legend:

(a)

A-B=AND
A+ B=0R
A=NOT A

(8 points) Logic minimisation with Karnaugh maps
Y=(D-C-B-A)+(D-C-B-A)+(D-C-B-A)+(D-C-B-A)+(D-C-B-A)
+(D-C-B-A)+(D-C-B-A)+(D-C-B-A)+(D-C-B-A)

Using a Karnaugh map, derive an optimised expression to implement the above logical func-
tion.

(3 points) Logic mapping and minimisation with Boolean algebra

Convert the circuit shown in Fig. 7 into written Boolean form. Use Boolean algebra to
simplify the equation and show that the final result is equal to the following expression:

Y=(A-B-(C+D))+(A-(B+ D))

(8 points) NAND logic

Convert the simplified expression provided in part b) to NAND logic using Boolean algebra. Use
as many 2-input NAND gates (NAND2) as needed (no other kind of gates are allowed) to
draw the circuit to implement the combinational logic.

}

ABCD

R )

— Vv

—l— j_;:
DR

\/\{g
Y

-

Figure 7: Logic circuit.
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Problem 4 - Solution

Point a)

The Karnaugh map is drawn with gray code, so only one digit changes per step, with 2 variables
vertical and 2 horizontal. Each of the given terms (e. g. D-C - A- B) appears as a one in the map
(e.g. in the cell with B =C = D =0 and A = 1). All other positions are filled with a zero. Mark
all groups of 16 (all variables reduced), 8 (3 variables reduced), 4 (two variables reduced), 2 (one
variable reduced) that you can find, individual positions can be used in multiple groups. Remove any

redundant group. Groups can be formed over the edge.

00
01
DC

11

10

00
01
CD

11

10

Remarks

The Karnaugh map for this question is comparable to the one provided in the solution of the top

BA
00 01 11 10
nEnis
RIEREN
(1 [ 1 [[1]] 1]
o | o |[1) o
AB
00 01 11 10
oo
o | o |[1]] o
(1 [ 1 [[1]] 1]
GuioE

BA

AB

00

01

11

10

00

01

11

10

DC
00 01 11 10
L )[m)) o
o o |l1]l o
o | o [[1]] 1
au|lbiE
cD
00 01 11 10
= AT
1o ||l
o (1 [J1] o
0| o |[1)] 0

y = (green) + (yellow) + (red)
y=(A-D)+(C-D)+(A-B-D)

A-B=AND
A+ B=0R
A=NOT A

problem of Week 8, as it is the task to find the reduced formula.
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Point b)

First write the formula:
y=(A-B-C)+(B-A-D)+ (B-A)+ (A-D)
Now use the rule of distributive law to first extract A - B and then A
y=(A-B-(C+D))+(B-A)+(A-D)
y=(A-B-(C+D))+(A-(B+D))
Point ¢)

y=(A-B-(C+ D))+ (A-(B+ D))

The De Morgan’s laws can be used to turn all gates into 2-input NAND gates, after the first step of
logic simplification. First change the formula to only have 2-input gates

y=((A-B)-(C+D)+(A-(B+D))

Introduce double inversion to every inner 2-input OR expressions:

y=((4-B)- (C+D)+(A-(B+D))

Swap gates from 2-input OR gates to 2-input NAND gates by inverting the inputs:

)

y=((4-B) (C-D))+ (A (

Remove obsolete double inversion on single variables:

y=((4-B) (C-D))+(A-(B-D))

Add double inversion to the outer 2-input OR gate and swap to NAND2:

y=((4-B)-(C-D))+(A-(B- D))

y=((A-B)-(C-D))-(A-(B-D))
Convert the last remaining AND2 to NAND2 by adding double inversion:

y=((A-B)-(C-D))-(A-(B-D))
Draw the circuit, use a NAND2 with both inputs connected together to implement a NOT gate. The
resulting circuit is shown in Fig. 8.
Remarks

The use of the Morgan’s laws for the translation of arbitrary logic functions to NAND and NOR logic
was extensively covered in the lecture (both in graphical and algebraic form). Top problem from Week
7 has covered a similar problem, providing more practice with Boolean algebra operations.
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Figure 8: The 2-input NAND circuit.
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Electronics and Signal Processing - Formula Sheet

Ohm’s law: V = ZI Capacitors: V = % =4 [Idt Inductors: V =L %
Complex impedance: Zgr =R, Zp = jwL, Zc = ]w#c Reactance: X = IJm(2)
Quality ratio : Q = %“ (for bandwidth B and resonance frequency fy)

Root-mean-square voltage of sinusoidal signal = 0.707 of amplitude

Voltage gain: A, = % dB voltage gain = 20 loglo(%)

Closed loop gain: G = where A is the forward gain and B is the feedback gain.

1+AB’

Output voltage of an OpAmp: V. = A (Vi —V_)
Characteristic impedance of a cable: Z.;, = /5> (1 — j) (RC cable), Z., = \/g (LC cable)
Speed of signal in a cable: v = ﬁ (LC cable)

Effective impedance seen by a source connected to a cable (length A, Zy) and a load with impedance

Z: Zepp = Zo%m, where k = =% —wf

Boolean Algebra

e Commutative laws: AB=BA, A+ B=B+ A
e Distributive laws: A(B+C)=AB+ AC, A+ BC=(A+B)(A+(C)

Associative laws: A(BC) = (AB)C', A+ (B+C)=(A+B)+C

Absorption law: A+ AB=A(A+B)=A
De Morgan’s laws: A+ B=A-B, AB=A+B

Other: A+ A-B=A+B, A(A+B)=AB

Complex Numbers Algebra

] = T T ()
e7? = cos(¢) + jsin(¢p) = €T =j,e Vi =—j, " =—-1=;2

cos(f) = M sin(0) = ¢
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